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2 K.N. Biraki, K.C. Kyriakoudi, A.C. Felias and M.A. Xenos

Abstract: The finite element method (FEM) is a well established approach for
the numerical solution of ordinary differential equations (ODEs) and partial dif-
ferential equations (PDEs). This method is a powerful tool in the study of various
problems and has many applications, such as structural and fluid mechanics. In
this review chapter, we mainly focus on applying the method to fluid mechanics
problems. Initially, we present the FEM along with the basic theorems and exam-
ples. We analyse the error estimates for linear problems and the base functions
that help distinguish the problem under consideration. We present the numerical
solution of the Duffing equation, using the Galerkin FEM.

Additionally, we concentrate on the two—dimensional Stokes problem. We
further introduce novel methods, such as the Discontinuous Galerkin (DG) FEM.
The notion of adaptive mesh is also discussed. Lastly, we study the two—
dimensional Navier—Stokes equations using the Galerkin FEM. These advanced
methods provide reliable numerical results in all studied cases. This is achieved
with the application of FEM to “test problems”, such as the backward facing step.
We obtain all the numerical results utilizing the software programs MATLAB and
FEniCS.

MSC: 76M10, 65M60, 65N30, 65L60
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Basic Principles of Finite Elements

1. Introduction

Nonlinear differential equations govern a plethora of biological, mechanical and
physical phenomena. Most PDEs aren’t analytically solvable and to obtain a so-
lution numerical methods are utilized. The finite element method (FEM) is a well
established approach for the numerical solution of ODEs and PDEs. A large do-
main divides into smaller discrete cells, called finite elements, being simple polygo-
nal shapes, forming the computational mesh of this domain. The method excels in
its accurate representation of complex geometries, the finite elements of which are
approximated by polynomials. Nowadays, FEM is arguably one of the most well
established and convenient computational techniques. There is a variety of applica-
tions in many fields, such as mechanical design, structural analysis, fluid flow, heat
transfer and electromagnetism to computer programming aspects.

Origins of the FEM are found in the early approximation of w by considering
a sequence of inscribed polygons, although the method was formally introduced in
1960 by Clough.?” In terms of the present day notation, each side of the polygon
represented an element and as their number increases, the approximate values con-
verge to the true one. Solving complex elasticity and structural analysis problems
in civil and aeronautical engineering, for example wings and fuselages are treated
as assemblies of stringers, skins and sear panels, further developed the method.

In 1851 Schellback in order to obtain a differential equation of a minimum surface
area bounded by a specific closed curve, divided the surface into several triangles and
used a finite difference expression to find the total discretized area.'’ The initial
differential equation of a minimum surface area, was then replaced by a system
of algebraic equations. Until the 1900’s the behaviour of structural frameworks,
composed of several bars arranged in a regular pattern, has been approximated by
one of an isotropic elastic body.

Ritz, in 1909, developed an efficient method finding approximate solution of
deformable solid mechanics problems. His approach referred to an approximation
of an energy functional by known functions multiplied with unknown coefficients.
Minimizing the functional in relation to each unknown leads to a system determining
those coefficients, satisfying the given boundary conditions.

In 1915, Boris Grigoryevich Galerkin derived an advanced method for the nu-
merical solution of differential equations. His method with piecewise polynomial
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spaces is known as the finite element method. Technological advancements, further
developed Galerkin’s method. The approach traces back to variational principles
introduced by several mathematicians, such as Leibniz, Euler, Lagrange, Dirichlet,
and many others. Hrenikoff, in 1941, introduced the framework method. In this
approach he replaced an elastic medium with a system of sticks and rods.

The FEM was introduced in the 50s by structural engineers, especially in the
aircraft industry, predicting stresses induced in aircraft wings, despite being inde-
pendently proposed by Courant in 1943.2! He introduced special linear functions
over triangular regions, obtained by dividing the cross region and applying the
method for the solution of torsional rigidity and hallow shaft. The latter intro-
duced the Rayleigh-Ritz method. The functions introduced by Ritz, did not need
to satisfy the boundary conditions. Courant’s theory could not be implemented due
to the current absence of computers. Significant contributions to FEM were made
by Turner, in 1956.

FEM obtained its main advancement in the 60s and 70s through developments
of, among others, J. H. Argyris and collaborators. Clough, in 1960, introduced the
term used until today, “finite element” in.> The first FEM book was published in
1967, by Zienkiewicz and Cheung.?® The main motive behind the wide spread of
FEM was the handling of big volume of numerical solution by computers.?°

In this section, the main focus is on the Galerkin FEM. As previously men-
tioned, any progress to FEM, regarding fluid mechanics applications, was signifi-
cantly delayed due to nonlinear convection and solution instability originating from
the element selection. In this section, we are analysing basic principals of FEM,
where more details can be found in the textbooks by Brenner & Scott.® In the next
section we discuss about the FEM for the Stokes and Navier—Stokes problems. Fi-
nally, we introduce the Discontinuous Galerkin (DG) FEM and the adaptive mesh
refinement approach.

2. Finite Element Theory

2.1. Basic concepts and definitions

It is important to understand the basics of the finite element theory. Analysing the
following simple example helps the reader to understand the path followed to create
the weak form of the problem. We consider the one-dimensional boundary value
problem,

d*u

u(0)=0, «/(1)=0
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Multiplying both parts of the equations with a test function v, with v(0) = 0 and
integrating by parts, we get,

1 1 !
(f,v) ::/0 f(z)v(x) dz :/0 —u"(z)v(z) dz = —u' (z)v(2)p "‘/O u'(z)v' () dx =
- / o (2)v'(z) do = a(u,v),
0

where a(u,v) is a bilinear form.

Definition 1 (Bilinear form). A bilinear form is a function B : V x V — K,
where V is a vector space and K is a scalar field, that is linear in each argument
separately,

1. B(u+v,w) = B(u,w) + B(v,w) and B(Au,v) = AB(u,v)
2. B(u,v + w) = B(u,w) + B(u,w) and B(u, \v) = AB(u,v)

Definition 2 (Square—integrable function). A square—integrable function is
denoted as L? and is defined as, f : [a,b] — C, square-integrable on [a,b] <=
fab |f(2)|? do < oo

Taking into consideration the above informations a function space can be defined
as a test space:
V ={ve L*0,1) : a(u,v) < oo and v(0)=0} (2)
and
u € V such that a(u,v) = (f,v), Vv €V, (3)
where L?(0,1) is the space of square integrable functions in [0, 1].

The function v, which multiplies the PDE, is referred as “test function”. The
unknown function u, that needs to be approximated, is called “trial function”.? The
trial and test spaces, V and V, are defined as,

V={veH" Q) :v=uond},

V:{UGHl(Q):vzoonaﬁ},
where H' () is a Hilbert space.

Definition 3 (Hilbert space). Hilbert space is a complex vector space, whose
topology is defined using an inner-product. A Hilbert space example is, L?(0,1),
with inner-product (-,-). Hilbert spaces are complete metric spaces.

Definition 4 (Sobolev space). Sobolev space is a vector space of functions
equipped with a norm, that is a combination of LP-norms of the function and
its derivatives, up to a given order. We define the Sobolev spaces as,
E 1
Wp (Q) = {f € Lloc(Q) : ||f||WI’;(Q)} <00
In the cases where, p = 2, Sobolev space is a Hilbert space.
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The function v is an arbitrary function and has a natural interpretation in the
setting of Hilbert spaces. For the linear case it is known that, if the weak form is
a(u,v) = (f,v), where a(-,-) is bilinear, and u € C?[0,1] and f € C°[0,1] satisfy

the weak form, then u also satisfies the strong form, with appropriate initial condi-

tions.?

According to the Ritz—Galerkin approximation we have that, if S C V is any
finite dimensional subspace and we consider that (3) with V is replaced by S, we
get,

ug € S such that a(ug,v) = (f,v), Vv € S. (4)

With the above we can define a discrete scheme for approximating (1) and it has
been proven that given f € L?(0, 1), the equation has a unique solution.

Let’s consider the two—dimensional Dirichlet problem,

Upg + Uyy = f, 10 Q, u=0, on 09, (5)
where, u = u(x,y), f = f(x,y), Q is a connected open region and 9 is the
boundary of 2. The weak form of this problem is ,

(f0) = [ pods == [ u-gwi= a(u.v). (6)

where V denotes the gradient and - denotes the dot product in the two—dimensional
plane. Where a(u,v) can be turned into an inner product on a suitable space H} ()
of once differentiable functions of € that are zero on 9. Additionally, v € H}(Q)
which is a Hilbert space.

2.2. FError Estimates

Definition 5 (Energy norm).
[lvlle = Va(v,v), YveV. (7)
A relationship between the energy norm and the inner product is,
la(u, v)| < ullg|lv]2- (8)
It’s proven that,
llu—us|lg = min{||u —v||g : v € S}. 9)

The last equation is defined as the error estimator where v is the solution and
us is the approximate solution.

Definition 6 (L?(0,1) norm).

ol = (o0 = ( | 1 v(ac>2cwc)é (10)
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The size of the error u — u, in this norm has been proven to be,

lu —us|l < e flu—uslp < [lu”]| = 2| ] (11)
with & being a small number. ||u — us||g is of order € whereas ||u — us|| is of order
£2. We could conclude that the L?(0,1) norm is weaker than the energy one.

2.3. Piecewise Polynomial Spaces

We introduce linear polynomials to construct the Galerkin FEM and for that pur-
pose we should partition our domain. Let’s consider a partition of [0,1], e.g.
0=2x9p <z <..<uz, =1, and S be the linear space of functions v,

S ={v:[0,1] = R : v is continuous, v|[;, s,.,] is linear polynomial for i = 1,...,n
and v(0) = 0}

For each i = 1,...,n we can define ¢; and ¢;(x;) = J;; = the Kronecker delta i.e:
T — Tj—1

¢i(x) = oz, © € [Ti—1, 7i]
Tit1 — X
¢i(x) = h T € [, Tiga]

¢i(x) =0, otherwise

{¢i : 1< i < n }is anodal basis from S and it’s called the nodal basis
of S. The set {¢;} is linearly independent, and it is used to define the
functions of a discrete space.

{v(z;)} are the nodal values of function v

{z;} are the nodes

vr = Y v(z) s, for v € C°([0,1]) and v; € S, is the interpolant of v

Remark 1. If v € S = v = vy since v — vy is linear on each [z;_1,;], and zero
at the endpoints, then must be equal to zero.

Theorem 1. If h = mazi<i<n(®; — Ti—1) then ||u — us||lg < CH|W"||, for all

u €V, where C is independent of h and w. The proof can be found in.®

The interpolant of a continuous function, f, for the space of all piecewise linear
functions is defined as,

DD Fwie ) (12)

e j5=0
where,
e i(e,j) denotes a numbering scheme called the global-to-local index and
aims to convert the coordinates of each element into the interval of [0, 1].
For example: in the interval [z._1, ] for e = 1,...,n and j = 0,1 where 0
corresponds to left end of the interval and 1 to the right one
ile,j)=e+j—1
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e {¢5} with j = 0,1 are the basis functions for the linear functions, on the
interval I, = [Te—1, Zc]

T — Te-1

¢5(x) = ¢;( )

LTe — Te—1

as far as it concerns the bilinear form, a(v, w),
a(v,w) = Zae(v, w)
e

where,
/

/
1 1
> ac(v,w) 12/1 viw' dr = (337/0 D viteq®i | | Do witeqdi | de=
e e J J

e — xe—l)

t
_ 1 (Ui(E,O)) K(wi(e70))
(xe - :Ee—l) Vi(e,1) Wi(e,1) ’

where K is the local stiffness matrix,

1
K; ::/0 ¢g_1¢;_1 dx fori,j =1,2.

2.4. An Application to the Duffing equation

In this section we present an example, the Duffing equation, using the Galerkin
FEM. The Duffing equation serves as one of the simplest mathematical models for
describing the nonlinear behaviour. The equation is a 2nd order nonlinear ODE,
with constant coefficients, and with a periodically forced function.
2
% +6ZILZ —l—au.—i—ﬁug =~vcoswt, wu=u(t), te€]0,]1]
u(0) =0 and u(1)=1.

(13)

The parameter « is the linear stiffness coefficient, and the parameter 8 represents
the nonlinearity in the restoring force. If § = 0, the equation describes simple
harmonic oscillation. Overall, the equation represents a nonlinear spring that does
not obey Hooke’s law. Initially, we will demonstrate the steps of utilizing FEM in
this equation and then we will obtain numerical results.'®19

We discretize the domain of the equation into a small number of elements to
highlight the numerical approach. We start this procedure by dividing the function
into a small number of elements for presentation purposes (four elements, five nodes)
in the domain [0,1]. Let ¢ = ¢(x) be the basis or test function. For each element
e=1,2,3,4, we have two nodes ¢; and ¢;4.

tit1 bita
| i aus gt odi— [ yocoswdi =0, (1)
£ t

i i
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where ¢; and ¢;1 were defined earlier. Let,
2

2
d(x) = ¢;(t) and u(t) =Y _ ¢i(t).
j=1

i=1
Introducing the basis functions into equation (13), where,
h=ti41—t, (15)
the equation can be written as follows ,
ki = gf
where kf; is the stiffness matrix and it is given as,

kjj = /jm (—@» bj + 0¢it; + it + 6(15?@) dt

S
and

tit1
gl = 'y/ o} cos wtdt — ¢ju|§j+1
t:

i

For a typical element the stiffness matrix is,

kll k12:|

K¢ =
|:k21 koo

The global system of matrices equals,

kh kb 0 0 0

kg koo + KD ki 0 0

K= 0 k3 k3, + kY kD 0
0 0 k3 kS, + kY ki
0 0 0 k%l k§2

The force and boundary integral vectors are given as,

Fi Gi

F} + F? 0

F=|F+F}|, G=|0

F3+ F} 0
Fy G3

Finally the system we obtain is,

U1
U
KU = F + G, where U= | ug
Uy
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Due to the essential boundary conditions, we already know that u(0) = u;. We
should not forget that the approximate solution is, up, = > i, u(t;)¢;, where u(t;) =
u; and ¢;(t) = ¢;. For the simple example of this study, the time discretization is,
t1 =0, t2=0,25, t3=0,5, t4,=0,75, t5=1.

For w(0) = u(0) = 0, f(t) = 0.2cost, § = 0, a = 0.06, v=0.2, w=1 and
B = 0.0001, the numerical solution is shown for N = 120 nodes (119 elements)
and it is compared with the Runge-Kutta (RK) 4th order method for the same
parameters, as depicted in Figure 1(A).1%2* We can conclude that the FEM and
RK numerical solutions, with these particular parameters, coincide.

For u(0) = 1, 4(0) = 0 and f(¢) = 0 and all the other parameters as described
above, we present the comparison between the exact solution and the corresponding
numerical one, as shown in Figure 1(B).

au(t) = \/a + g —au? — gu‘l, (16)

All the numerical results of this section were obtained with the help of MATLAB
and Mathematica software packages.

Compare methods for Duffing

(A) UFEM (B)
— -~ u(tRK4 1.0 e
1 \\\
N
N Exact
o5l N :
05 e . Numerical
) P b
1 e \ \\\
= , _
s o . S p . . h\ . . . .
] N N P \ 14
S = L P4 - \,
e N
05F \\
-05} N,
\
\
\
\\
1 N P
\'\_ —
15 :
0 5 10 15
Time t

Fig. 1.: (A) Duffing equation with FEM and Runge-Kutta method for u(0) =
u(0) = 0, f(t) = 0.2cos(wt), § = 0, @« = 0.06, v = 0.2, w = 1 and S = 0.0001.
(B) Comparing exact and numerical solution for the Duffing equation for u(0) =
1,4(0) =0, f(t) =0, 8 =0, o = 0.06, and 3 = 0.0001.
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3. The Stokes Problem

The linear Stokes equations are the limiting case for the Navier—-Stokes equations,
when Reynolds number, Re, tends to zero. Due to close relation with the non-
linear Navier—Stokes equations, the Stokes equations have attracted substantial
attention from several researchers. We study the stationary Stokes problem for
an incompressible fluid. € is a bounded open set of R™ (where n = 2,3) with
regular boundary and f is a square integrable function on 2. We seek a solution
(u,p) € HY(D)? x (L*(Q2)/R) of the problem,6:20
—vAu+Vp="~£ in Q,
diva=0 in Q, (17)
u=0 on 09Q.

Where, u = (u, v) denotes the velocity vector, whereas f = (f;, f,) stands for the
body force vector. Based on this problem, we will introduce the error estimates (a
priori and a posteriori) and we briefly discuss about the uniqueness of the solution
for this problem. Our goal is to extend these arguments for the non-stationary
case.* Following the finite element analysis we obtain the following weak form,

{a(u,v)—i—b(nv):(f7v)7 VveHH Q)" ue HY(Q)",
b(u,q) =a((u,p), (v,q) = [(V-ugd2=0 VqeH (Q), pe H(Q),
(18)

where, a (u,v) = /

vVu Vv dQ and b(p,v) = / p Vv dSQ.
Q Q

Given the finite dimensional subspaces, V;, C H(Q)" and Q) C H!(Q) the
discrete form is,

{a(uhavh) +0b(pn,vn) = (£,v), Y v, € Vop, up € Vo, (19)

b(up,qn) =0, Y aqn € Qn, pr € Qn,

where, Vo, = {vi € Vi : v, Jgo= 0}.

We analysed two different cases for triangular and quadrilateral elements, based
on the number of nodes on each element.* We focus only on the Taylor-Hood

11
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method with six node triangular elements. The Taylor—-Hood method utilizes second
order polynomials for the velocity and first order polynomials for the pressure, at
each element (P, — Py).

After finding a solution, for the problem under consideration, it is important to
show that it is stable and how the input data affect it. This can be done using the
inf-sup condition, the Ladyzhenskaya—Babuska—Brezzi (LBB) condition. This is a
condition for saddle point problems. Convergence is ensured for most discretization
schemes for positive definite problems but for saddle point problems there are still
discretizations that are unstable, due to spurious oscillations.?? In such cases a
better approach is the local adaptation of the computational grid, briefly described
in a next section.!” To further discuss for the LBB condition, we introduce the
following theorem.

Theorem 2. If Q is polygonal and Qp, = Q, Qp = JT;, where T; are the triangles

K3
and h defines the length of greatest triangle side. If all triangles have at least one
vertex which is not on 02, and if Vi, Qp are chosen as in the Taylor—Hood method,
then there exists a constant C, independent of h, such that,

Vi, V 1
SupVhEVO;L(hith) > C (V(J}M V(]h)2 ) VQh S Qh- (20)

Vi, Vh)?

This theorem follows the idea of the LBB condition, the proof depends on the
choice of the elements and it can be found in.* An important questions in solving
such a problem is that of existence and uniqueness of the solution of the problem.
In this case, we focus on the discrete form of the problem under consideration, e.g.
the equation (19) where we can ensure the previous with the following theorem.*

Theorem 3. Under the conditions of the previous theorem, theorem 2, the discrete
form, equation (19), has a unique solution (un,pr) in Von X (Qn/R) .

In the next section, we introduce and discuss error estimates of the Stokes prob-
lem.

3.1. A Priori Error Estimates

The a priori error estimates express the error in terms of the regularity of the
exact unknown solution. They provide important information about the order of
convergence of a FEM. A posteriori error estimates express the error in terms of
computable quantities, such as the residual error and the solution of an auxiliary
dual problem. They contribute to the adaptation of the computational grid, as
described in a next section.'” A theorem that provides a priori error estimates
for the discrete form of the stationary Stokes problem using Taylor-Hood elements
(P2 — Py) is as follows.

Theorem 4. Let 2 be a polygon, and Qp = Q, for all h. We assume that each
element of Ty, (set of triangles) has at least one vertex not on the boundary. Then
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the following inequalities are valid,
IV (u—w)lly <P2K ([ullgsy + [plla2@)/8)
IV (» = pu)llo < PE ([[ullsyn + lIpllazc)/r)

Similar inequalities can be found in the case where we have quadrilaterals.?

3.2. The Backward Facing Step Problem

The backward facing step (BFS) is a “test problem” widely known for its appli-
cation on internal flows. In this problem, flow separation is caused due to sudden
changes in the geometry. This creates a recirculation zone close to the step wall,
and downstream a reattachment point. In a two-dimensional BFS geometry, the
fluid flow can be distinguished into three regions, the shear layer, the separation
bubble and the reattachment zone.!*

Due to the adverse pressure gradient that develops in the thin shear layer, the
characteristics of a BFS flow begin with an upstream boundary layer that sepa-
rates at the edge of the backward facing step. The region where the shear layer
develops is referred to as the shear layer region. This flow causes the formation
of a recirculation zone, which is located between the shear layer and the adjacent
wall. Eventually, the shear layer curves down towards the wall and reattaches at
the so called reattachment point. The horizontal distance between the step and
the reattachment point is defined as the “reattachment length”. Due to the oscilla-
tory motion of the shear layer, the reattachment length is unsteady. Consequently,
the reattachment point spreads within a zone, called reattachment zone."% In this
problem the flow parameters of interest are,

u= horizontal velocity component, v= vertical velocity component,
L= length, h= the step height, H= the whole height,
= viscosity, p = density,

with a typical set of boundary conditions, as shown in equation (21),

u=ug on I'p,
0 D (21)
Vu-n+pn=gonl'y,
where,

e I'p are the Dirichlet conditions or the essential boundary conditions ,
e ['y are the Neumann conditions or the natural boundary conditions .

For further analysis, it is easier to write equations (17) to the following form for
finding (u, p) € W such that,

a((w,p), (v,q)) = L(v,q)
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for all (v,q) € W, where

a((u,p), (v,q)) :/Vu-VV—V-Vp+V~uq dz,
Q

L(v,q):/f-vda:—l—/ g-vds.
Q o9

The space W is a mixed (product) function space, W =V x @Q, such that uw € V
and ¢ € Q). We will use the Galerkin FEM to analyse the velocity and pressure
on this test problem. Figure 2(A) shows the domain € and the dimensions of the
backward facing step. Figure 2(B) depicts the computational mesh.

(A) -

'Y

PV

H-h

(1-a)*L |

h

(B)

Fig. 2.: (A) The domain Q and the dimensions of the backward step. (B) The
computational mesh composed of approximately 6060 elements.

The numerical results are shown in Figure 3(A). The figure depicts the velocity
magnitude for the backward facing step problem. We also present the streamlines
in the domain to visualize the recirculation zone close to the wall. It is observed
that the maximum velocity is at the entrance of the channel and the velocity drops
rapidly as the domain expands. In Figure 3(B) we visualize the pressure field with
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Fig. 3.: (A) The velocity magnitude of the Stokes equation on the backward step
problem. (B) The pressure of the Stokes equation on the backward facing step
problem.

the classical Galerkin FEM. It can be observed that the pressure field is relatively
smooth using the Taylor-Hood elements.

4. The Navier—Stokes Problem

Most of every real situation in fluid flows is characterized by the Navier—Stokes
equations that are the model of nonlinear PDEs; so it is recognizable the importance
to solve this particular equation. Because of the nonlinearity of the problems that
are described by the Navier—Stokes equations, an exact solution is impossible to be
obtained. However, it is very useful to describe and analyse the physics of fluid flow
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problems and also more complex materials if these equations can be solved. The
FEM constitutes an effective way to find a numerical solution to these equations.

The time—dependent and incompressible Navier—Stokes equations are given as,
Ju .
aJr(UoV)ufyAquVp: f inQx(0,7)

u=0 ondx(0,T)
u(-,0)=uy inQ
Where, wu is the velocity field, p is the zero—mean pressure, f is an external force
field, and v is the kinematic viscosity. These equations, equations (22), describe
an incompressible fluid flow in . Compared to the Stokes equations we have here
to deal with an additional nonlinearity and a time derivative. To obtain the weak
formulation, we multiply the momentum equations with a test function, v, defined
in a suitable space V', and integrating both members with respect to the domain 2,

le:"U—/QVAU'v+/9(u'V)u'v+/va'v:/Qf.v (23)

Remark 2. Integrating by parts and using Gauss’ divergence theorem,

*/I/A'LL"U:/I/VU'V'U*/ Valf-v

Q Q oo On
/me:—/meJr/ pv-N
Q Q o0

Using these relations the (23) is rearranged to,

@"v—k/ VVu~V'u—|—/ (u-V)u-v—/ pV~v:/_f-v+/ (uau
o Ot Q Q Q Q 09

— R
on P

)-v YveV

(24)
In a similar manner, we multiply the continuity equation with a test function g,
belonging to a space @@ and integrated in the domain 2,

/qV'u:O. Vq € Q
The space functions are chosengas,
V= [m@)" = {ve [H@]": v=0onTp}
Q=L*Q)

Due to the set of boundary conditions,
u=0onTIp
Vu-n+pn=gonly

the integral on the boundary can be written as,

JuCaamrm) o= [ Caamm)oe [ (gam) o=
V—/——pnj]- -v= V—/—pn| - -v+ V———pn| -v= g-v
80 on I'p on Ty on I'n
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® fFD (V%—pﬂ)"l}:o
o fp, (WGt —pn)-v=—g-v

Eventually, the weak form of the Navier—-Stokes equations is expressed as,

an—u-'v+/VVu~Vv+/(u~V)u~v—/pV~v:/f~v+/ gv YveV
ot Q Q Q Q I'y
JoaV-u=0, VYgeQ.

Existence and uniqueness of the solution of the problem is discussed in the
following theorem,

Theorem 5. If f € [L2 (0, T V’)]d and ug € H, there exists a weak solution to the
Navier—Stokes equations, equation (22), that satisfies,*’
w € L*(0,T; V)N L>®(0,T; H)
where,
V= {ve [H@)]":divo =0},
H = {ve [L3(®)]": divo = 0}

In the case of space dimension d = 2, this solution is unique and
u e C(0,T;H),
u € L2 (O,T; V’) .

In three—dimensions (d = 3) uniqueness is an open question.

4.1. An Application to the Poiseuille flow

In this section, we study the incompressible Navier—Stokes flow between two long
parallel plates, with no—slip condition on both walls which are spaced apart in height
2h (Poiseuille flow). We assume a constant flow, with density p and viscosity p to
be constant. Fluid is introduced with a parabolic velocity profile at the inlet of the
domain, u(y) =4y (y — 1). With the aforementioned assumptions, we note that,

y=—hory=+h,
u(z,y) =0, v(z,y) =0, F, = F, =0.

With the above boundary conditions we obtain that,

ou )

i 0 ieuw=u(y). (25)
Oug _@ u,  0%uy
Pla e = "oz T H\ as2 Oy?




April 29, 2022 17:22 ws-rv961x669 Book Title FiniteElements'vl0 page 18

18 The Stokes and Navier—Stokes Problems
0
—6—5 =0 iep = p(z). (27)
Thus, we obtain,
Op d’u
L o= 28
ar ¢ 'udy2 (28)
L
«< >
A
(A) ¥

h o X

)

® — _ I0.5 3

—_— 0.4 §

0.3 &

—— I B

= ———— 0.2 £

y;. 0.1 §
[ —
X

Fig. 4.: (A) Fluid flow schematics between two parallel plates providing a parabolic
profile, known as Poiseuille flow. (B) The numerical solution of the Poiseuille flow,
using FEM and the software package FEniCS.

Solving the differential equation (26), and applying the boundary conditions
yields to the analytical solution of the problem under consideration, that is a
parabolic profile as expected,

c
= - (h? —¢?). 29

u(y) 2u( y°) (29)

The velocity has a parabolic profile, as shown in equation (29). If ¢ > 0 the
ch?

maximum velocity value is at the centre of the domain, for y = 0 and w4, = —%7
that indicates a favourable pressure drop within this region, given by 8_p =y =
T

h2
—02— and depicted in the schematic of Figure 4(A).

We obtain the analytical solution for the Poiseuille problem, as shown in equa-
tion (29). Additionally, solving the same problem with the FEM and the software
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package FEniCS we obtain the same parabolic profile, as shown in Figure 4(B). The
FEM results were obtained for a computational mesh of approximately 2754 trian-
gular elements. The maximum velocity is at the centreline of the domain and at the
plates we have zero velocity, no-slip condition, as also discussed for the analytical
solution.
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5. The Discontinuous Galerkin FEM

The discontinuous Galerkin (DG) FEMs are used in the numerical analysis of differ-
ential equations. They serve as an improvement to both the finite element and finite
volume methods and they apply to a plethora of problems in fluid dynamics. The
basis functions used, are discontinuous. These methods, allowing discontinuities,
apply with great flexibility and benefits, handling complex geometries, irregular
meshes, and polynomial approximations of different degree in each element.” The
discontinuous methods are distinguished from the continuous ones in integrating
flux terms over interior faces.

The DG methods first arose in solving PDEs in the early 70s, with continuous
improvements on elliptic problems, through out the decade.?'3 In the 90s, exten-
sions of the DG method, dealt with the compressible flow and nonlinear hyperbolic
conservation laws. The analysis and development of such methods, is a topic of
active research.®

The following example, provides an approximate solution u; of an ODE using
the DG FEM. Consider the initial-value problem,”

d
) = SOt 1< 0.7)

u(0) = uyp.

(30)

Initially, we divide the interval I := (0,T), into subintervals I; := (t;,¢i+1), for
i=20,1,..., N —1. Next, we seek the approximate solution uy, which on the interval
I;, is a polynomial of degree at most k?, requiring that,

d A~ qtidr
_ /I un(s) -o(s) ds + il = / w(s)F(s)u(s) ds, (31)

I

i

for polynomials v of degree at most k?, where the quantity 4y, is ,

~ {u07 Zf t; = 0
Up =

lim. o up(t; —€), otherwise.

20
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Our goal is to find a suitable definition of the numerical trace, uyp, using dis-
continuous approximations, uy, and applying the Galerkin weak formulation. The
DG FEMs are consistent methods. So, when replacing the approximate solution
up, with the exact solution u, in the weak formulation of the equation (31), the
equation is satisfied. That can be applied if u = u.
Multiplying the ODE with u and integrating on the domain (0,7T), we get,
L 5 L o g 2
—u*(T) — -uj 2/ f(s)u*(s)ds.
2 2 0
Substituting v = wy, in the weak formulation, equation (31), and integrating by
parts we obtain the following,
N-l,o tit1 1 1 T
Z (—2u2 + ﬁhuh) = 5“}% (T7)+0n(T) - §ug = / f(s)us(s)ds,
. 0
1= tl
where,
1 N oy
On(T) = —§ui (T7) + ; (—Qu% + ﬁhuh> t + §ug
The stability is gained when ©,(T) > 0, so we set,
Uh(t) = U, t < 0.
We further introduce the following definitions,
Definition 7. We define as the average quantity of the discrete function wuy the,
{un} = 3 (u;; +u;f). Additionally, we define the difference of the discrete function
up, on the faces of each element as, [uy] = u;, — uj.
Definition 8. We define the limit of the discrete function uy, at the faces as, uf (t) =
lim. o up(t £ ¢).
Remark 3. The above definitions yields to the following equation,
[u] =2 {un} [un].
Taking into consideration the above definitions,
1 1 =1
On(T) = — iu% (T7) + <—2ui (T7) + an(T)un (T)> + < 3 [up] + [uh]) (t;)
i=1
1
— (—QU}% (0F) + @n(0)uy, (0+)) + iug
N—1
= (@ (T) —un (T7)) un (T7) + D (@ — {un}) [un]) (t:)
i=1
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Based on the above, we have for the uy,

Uuop, if ti =0
ﬂh (ti) = ({uh} + o [uh]) (ti) s ift; € (0, T)
'LLh(T—), if t; = T

C">0and C° =1/2,
N-1 ,
On(T) =" C [un)? (t;) > 0.
=0

The accuracy of the DG method depends on the choice of C*. The order of the
) 1 )
DG method at the points t; is 2k 4 1, if we take C* = —. For C* = 0, it can be

proven that the order of the DG method is 2k + 2.1%'2 However, for C* = 1/2, DG
methods are consistent and stable. As a consequence, we can handle different types
of approximations in different elements.

For higher order problems, the first step is the discretization of the domain of
interest in triangles, denoting by 7T, such triangulation. We further seek a discon-
tinuous approximate solution uy, that in each element K, of the triangulation 7T,
belongs to space V(K).10:13

5.1. Application to the Poisson and Stokes Equations

Next, we present the methodology of applying the Discontinuous Galerkin (DG) to
the Poisson and the Stokes equations.'® For the Poisson equation, we consider a
DG FEM. For this problem we apply Dirichlet boundary conditions,

—Au=f in ),
w=wup on O
Next we rewrite the Poisson equation to the weak form,

/Q—(Au)wdx: /vad:ﬂ

Assume that we have a mesh 7 of  with cells {K} and split the left integral
into sum over cell integrals:

Z / —(Au)-vdx:/fvdx
KeT 'K @
Now integrating by parts,

> [ vuveds- Y
KeT 'K KeT 79K
Before introducing the DG method, it is necessary to point out the definitions rel-

evant to this method,®

Vu~m}d5=/fvdx.
Q

Definition 9 (Average and Jump operator). We define the average quantity of
the function v as, (v) = 1 (v +v~). We also define the difference, or jump, of the

function v on the element faces as, [vn] = vtn—v " n inQ and [vn] = vn ondN.
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Definition 10 (Jump identity). We define for the functions u and v, the jump
identity as, [uv] = [u](v) + (u)[v] InQ

We consider a DG formulation to approximate the problem. For this formulation,
the approximation space is made of piecewise discontinuous polynomials, such as,

V={veL*N): vy €QyK)foral KT},

where T is the set of all cells K of the mesh, and @,(K) is a polynomial space of
p—degree defined on a cell K. We need to introduce appropriate notation, in order
to write the weak form of the problem under consideration. The sets of interior and
boundary facets associated with the mesh 7, are denoted as F; and F, respectively.
With vT, and v~ being the restrictions of v € V to the cells KT, K~ that share the
same interior facet in F; and nt, n~, the facet outward unit normals from either
the perspective of K+ and K, respectively.’

With the above introduced notation, the weak form associated with the interior
penalty formulation for the Poisson equation is presented as,

a(v,u) = Y /va.vu dK

KeT
K;_Q/K'U(Vu-n)dKK;E/K(VU.n)u dKJrK;:Eh/KU.udK
_ K;i /K [un] - (Vu)dK — K; /K (Vo) - [un]dK + K;Ti i’ /K [vn)] - [un]dK,

and the right-hand side is presented as,
L(v) = / vf dQ.
Q

Remark 4. We provide the following equation for the element boundary,

Z Vu-nvds= Z / (Vu+ -ntot +Vu - n_v_) ds
KeT 79K Ker 'K

+ Z /KVu~m)ds

KeF.

Remark 5. The terms, Z %/ v-u dK and Z %/ [vn] - [un]dK, are artifi-
K K

KeF. KeF;
cially added in the formulation. The constant «, is a stabilization parameter. This

parameter should be chosen large enough such as the bilinear form a(-, ) is stable
and continuous. Where, h, is a measure for the average of the mesh size defined
as h = (h™ + h™)/2, for the two neighbouring cells K+ and K, with the given
interior facet.
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When applying the above formulation, e.g. the DG FEM, using the software
program FeniCS for the Poisson equation, we obtain the results shown in Figure 5.
In the domain we apply homogeneous Dirichlet conditions on the boundary. Inter-
nally a Gaussian distribution is applied for the source term, defined by the function
f, on the right-hand side of the Poisson equation, given by the expression,

f(e,y) = cexp (— (2 =0+ (y_b)2>, (32)

d

where, ¢ = 10., « = b= 0.5 and d = 0.02.

I 0.015

0.01
0.005
I 0.0

Fig. 5.: Numerical solution of the Poisson equation with DG FEM and homogeneous
Dirichlet conditions.

magnitude

y-

L Ox

Following the same methodology as before, we use DG FEM for the Stokes
problem,

—vAu+ Vp="~fin Q,
u =0 on 9N.

Consider the function spaces V', equipped with discontinuous functions, and @ with
continuous ones,

V= {v e (L))" v; € PUKWK € T,1 gigd},
Q={qeH (Q):qe P}(K)VK €T}.
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We presented earlier the weak formulation,

a((w,p), (v,q)) = L(v,q)

for all (v,q) € W, where,

al(w.0),(v,0) = [ ¥¥u- Vv Tpov+ Vo-uds,
Q

L((v,q)):/Qf~vdx+/mjvg'vds.

The space W, is considered as a mixed (product) function space, W =V x @,
such that, v € V and q € Q.

In order to formulate the Stokes problem with the DG FEM, we consider both
discontinuous functions, as well as, basis functions with varying polynomial orders.
The particular bilinear and linear forms for the Stokes equation with DG method
can be formulated as,

a(v,q;u,p) =
Z/Vv~VudK+Z/v~VdefZ/Vq'udK
KeT 'K KeT’K KeT’K
+ > / qlu-nldT — > / v[v] - (Vu)dK
KeF VK KeF, 'K
-y / (Vo) - [uldK + Y / v (o] - [u]dK
K K h
KeF; KeF;
+ Z/q'ufndKf Z / vv - VudK
KeF. 'K KeFr. 'K
— Z/VV'U-udK+ Z/ngﬂudK
K K h
KeF. KeF.

and the right-hand side of the Stokes problem is given as,

L(v,q) = /Qv - fdux.

The above formulation is constructed in a same manner as the Poisson equation

with the terms Z / Vg[’l)] - [u]dK and Z / vy udK being artificially
K h K h
KeF; KeF.

added for the stability of the equation.
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6. Adaptive Mesh Refinement FEM

The adaptive mesh refinement (AMR) is an approach for increasing the accuracy
of the numerical solution in certain sensitive regions of the discretized domain. Nu-
merical solutions, sometimes reveal accuracy problems to specific regions of the grid
or mesh. However, some problems would be better suited if specific computational
areas which needed precision could be refined only in the regions requiring the added
precision rather than a uniform region. There are widely used methods that omit
this problem, called Adaptive Finite Element Mesh Refinement methods (AFEM)
with a range of applications to engineering problems. AFEM can be classified into

three categories,?’

e In the h-refinement AFEM, we use the same type of finite elements, but
their sizes are continuously divided according to a geometric parameter such
as the element length or diameter. Among the three categories referred, this
is the simplest and more common one to use.

e In the p-refinement AFEM, we increase the order of the polynomial basis
functions, but the mesh element size is kept the same.

e In r-refinement AFEM, we keep the number of mesh nodes and elements
the same, but the nodes are relocated to problematic areas needed to be
optimized.

These methods can be combined, such as the hp-refinement method. We can
use the AFEM to obtain a numerical solution of the desired accuracy, with less
computing time, since lower degrees of freedom are needed. For the h—type AFEM,
the main concept is to determine the regions to insert the nodes, so as to balance
the numerical errors of the FEM solution through a local a posteriori error estimate
procedure. The a posteriori error estimation obtains an estimated error for each
element. This plays an important role in guiding the refinement procedures for
AFEM.

The process consists of calculating the error indicators for each element of the
mesh. Then, a selected number of elements in the domain, e.g. the elements with
the largest error indicators, are finally refined. This process is repeated several
times until the termination conditions are satisfied. Such conditions could be the
maximum refinement number or maximum nodes number in the mesh. The ele-
ments can be refined with several methods, such as by bisection, trisection, regular
refinement or any combinations of these methods.?>

More precisely, let’s consider an a posteriori estimator for the Stokes problem. It
can be shown that the discrete solution coincides with the continuous one. To define
the Stokes reconstruction, we provide the definition of the Stokes reconstruction
operator.'? A posteriori error estimates express the error in terms of important
quantities, such as the residual error equations and the solution of an auxiliary
dual problem.'* By using the classical Galerkin method, the FEM approximation
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up, € VP is the solution of,
a(up,v) = L(v), YveVh

The numerical error in the approximate solution uy of u is defined as the function
e € V such that,

e =|u—upl.
The residual errors are defined as r(v), where,

r(v) = L(v) — a (up,v) = a(u,v) — a (up,v) =

(33)
a(u—up,v) <Cllu—uply vy, veV.
Furthermore,
a||u—uh||%/ <a(u—up,u—up) =
a(u,u—up) —a(up,u—up) = (34)
L(u—up) —a(up,u—up)=ru—up).
Remark 6. We notice that the residual error r(v) vanishes for all v € V", i.e.,
r(v) =0, YoeV"
This yields to the following orthogonality property,
ale,v) =0, YveVh
Combining (33), (34) yields to:
allu—wunlly <[lrllv: < Cllu—wunly, (35)

where |1y, = sup, ey, 7(0)/[|v]v-

The a posteriori error estimates, equation (35), relate the numerical error with
the residuals.

The main objective of Goal-oriented error estimation is to evaluate the accu-
racy of FEM solutions in measures other than the energy norm.!? In numerical
applications, it is often necessary to control the error in a certain output functional
M :V — R of the computed solution within a given tolerance € > 0. Typical func-
tionals are the quantities we are interested in. In such situations, one could ideally
choose the finite element space V;, C V, such that, the finite element solution uy,
satisfies,

n = [M(u) = M (un)| <e,

with minimal computational work. We assume that both the output functional and
the variational problem are linear, but the analysis may be easily extended to the
full nonlinear case. To estimate the error in the output functional, M, we introduce
an auxiliary dual problem, that is, find z € V* such that,

a*(z,v) = M(v), YveV*
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We note here that the functional M, is introduced as data in the dual problem.
The dual (adjoint) bilinear form, a* : V* x V* — R is defined by,
a*(v,w) = a(w,v), Y(v,w)eV*xV*

The dual trial and test spaces are given by,

V=V,
Vi=Vo={v—w:v,weV},
The definition of the dual problem, leads to the following error representation ,
M(u) = M (up) = M (u— up)
=a" (z,u— up)
=a(u—up,z)
= L(z) — a(up, 2)
=r(z) =r(z— zp).
So, the error is exactly represented by the residual of the dual solution,
M(u) = M (up) = r(z).

An adaptive algorithm seeks to determine a mesh size, h = h(z), in a specific

tolerance starting from an initial coarse mesh, and refine in those cells where the
error indicator remains large.

For the Poisson equation, we take the goal functional to be defined as,

M (u) :/Qud:r. (36)

(A) (B)

0.018 0.02
I 0.015 I 0.015
E 3
0.01 g =
) 0.01 5
s IS}
N

I 0.005 I 0.005

0.0 0.0
yu y“

*— .
X X

Fig. 6.: (A) Computational mesh and results for the Poisson equation, (B) Compu-
tational mesh and results for the Poisson equation after grid local refinement.
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In Figure 6, we present the solution of Poisson equation with zero Dirichlet
conditions. At the middle of the domain, we apply a two-dimensional Gaussian
distribution, given by the expression described in equation (32). We observe that
locally refining the computational grid with the AFEM described above, and intro-
ducing the goal functional of equation (36), the results in the domain of interest
are capturing in detail the numerical solution of the Poisson equation. The given
tolerance for the simulations is 107° and the final number of cells is increased to
1052 from the initial number of cells which was 128. This provide accurate results
for the Poisson problem.

Ny y §
PAVAVAVAYAY 4N VA
i
v

AN S

%
AR TS g o g .
Waw ¥

0.6

(B) Adaptive mesh

Velocity magnitude

(C) Smooth solution

Fig. 7.: (A) The initial computational mesh for the backward facing step test prob-
lem, (B) The final computational mesh for the test problem. (C) The obtained
smoothed results obtained from the AFEM.

Finally, we present similar results for the Stokes problem, where the mathemat-
ical formulation of the problem is discussed in a previous section. As depicted in
Figure 7, we observe that locally refining the computational grid with the AFEM
and introducing a similar goal functional of equation (36), the results in the back-
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ward facing step test problem are substantially smoother, capturing in detail the
numerical solution of the Stokes equation for the unknown vector field (velocity), g
and pressure field, p. The given tolerance for the adaptive simulation is 10~7. The
final number of cells is increased to 7464 from the initial number, which was 890
triangular cells, providing accurate and smooth results for the test problem.

Conclusions: In this review chapter, the FEM is utilized for the numerical solution
of ODEs and PDEs. We mainly focus on applying the method to fluid mechanics
problems. Initially, we present the method along with the basic theorems and ex-
amples. We analyse the error estimates for linear problems and the base functions
to distinguish the problem under consideration. We present the numerical solution
of the Duffing equation and compare this solution with the analytical one. We fur-
ther concentrate our attention on the two—dimensional Stokes and Navier—Stokes
problems. We finally focus on presenting novel FEM variants such as the Discontin-
uous Galerkin (DG) method and adaptive methodologies (AFEM). These advanced
methods provide reliable numerical results in all studied cases. This is achieved
with the application of the FEM to “test problems”, such as the backward facing
step. We obtain all the numerical results utilizing the software programs MATLAB
and FEniCS.
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